We find the generating function of the mixing time density of A+B− > 0 on a finite 1D domain, for general initial and boundary conditions, in which A and B diffuse at the same rate. The method involves using the kernel of the Laplace-Stieltjes transform integral operator on vectorvalued functions to map and analyse a moving homogeneous Dirichlet interior point condition.
Introduction
The theoretical investigation into the irreversible bimolecular reaction between two different initially separated diffusing species A+B− > 0 plays an important part in furthering knowledge to problems in the physical [22, 14] , biological [7] and chemical [13] sciences. For a one-dimensional system, the standard theoretical approach involves solving the set of equations [3] 
x, t) = R(x, t),
where C A and C B are the concentrations of each species remaining within the system at time t, D A and D B being the diffusion coefficients of the reactants, R the macroscopic reaction rate and ∂ x C A (X, t) is the partial derivative of C A with respect to x evaluated at x = X. As time evolves, the A and B species will mix forming a reaction zone. Studies of above diffusion reaction scheme usually employ approximative forms of the reaction-rate term R in order to solve the underlying model [4] ; typically, a mean field reaction-rate density of the form R = kC A C B (k constant) is introduced thereby making the system nonlinear. Even though deviations from the mean-field behaviour are known to occur [6] and the exact form for R remains unresolved, it is still possible to infer results of the system, irrespective of R, when D A = D B and A and B are initially separated (e.g. see [20] ). This is done by studying C = C A − C B . The point at which C = 0, x = M (t) (which is assumed to be unique), represents the point where the A and B species mix and a mixing density, F (t), can be defined. In some sense, through F , the diffusional aspect of the diffusion-reaction process is solvable, given that it represents the number of new A and B species (at time t) that are mixed and are able to react. If the mixing point is defined for all time, then the A and B species are mixing homogeneously through the mixing point, whereas inhomogeneous mixing occurs when the mixing point is not defined for all time. The latter occurs, for example, if the total number of A species in the system over time is greater than the total number of B species.
This study finds the generating function of F for general initial and boundary conditions on a finite one dimensional domain, for the case in which A and B are initially separated and diffuse at the same rate. It is known that the boundary of the domain will strongly affect the behavior of the reaction scheme [19] and must be considered as it tends more to the real physical domain used in experimental studies [12, 16] . A number of results pertaining to A + B− > 0 on a finite bar include the case where A and B species are entered into the system from opposite ends of the bar [4, 18, 2] and the study of the initially separated reactants on an insulated finite bar [1, 11, 19] . With regards to the generating function of F (t), a study involving the author [8] found F on a finite domain bounded by homogeneous Neumann conditions for the case of multiple reaction points, but to the best of the author's knowledge an in-depth study has not been done.
The paper is structured as follows: we define the mathematical problem in § 2. The results for the case in which homogeneous mixing occurs are provided within § 3, with the analysis used to obtain these results being presented in § 3.1.
Conditions determining when the mixing point M (t) is unique are provided in § 3.2. We conclude the study in § 4.
Focus
The analysis involves working with C = C A − C B , where C(x, t) : Ω → R,
Here ρ 
Here M (t) will always occur regardless of the form of J i , however it may not be defined for all time. Consequently, if M (t) is defined for all time it is smooth since C is smooth. An illustration of the problem is given in Fig. 1 a) .
Results
The goal is to find the generating function of F (t), f (s), which we define through
we also make use of the Laplace-Stieltjes transform, L S , where
That is, L S reduces to L for all functions considered within the study.
The procedure involves first solving the Laplace transformed system (1),
where
) dx , the above representation being in the Green's function form [10, Pp253] . In § 3.1, it is shown that there exists a point
and
These results are valid provided M (t) is defined for all time, and is the unique point in which C(M (t), t) = 0. A uniqueness criteria for M (t) is given in § 3.2.
When M (t) is not defined for all time, an alternative method is required. Note that j i can be set to consider Dirichlet boundary conditions, given the interrelation of j 1 , j 2 , c(0, s) and c( , s) at x = 0 and x = in Eq. (4);
Analysis
The purpose of this section is to show that
C(x, t) is a scalar function of time and space, but can alternatively be defined by letting x assume a function of time; C(X(t), t). Here X ∈ B t , which is a set of moving points defined for all t ≥ 0, such that if some κ t ⊂ B t spans Ω with every X(t) ∈ κ t being distinct for each t, then
Analogously
It is possible to study a zero solution of Eq. (4) 
The latter quantity exists as C(X(t), t) is of bounded variation on [0, ∞) for every X(t) ∈ κ t (Appendix A). Provided
then the kernel of L S is such that ker[L S ] = {C(X(t), t) = k|X(t) ∈ κ t , k ∈ R} = C(M (t), t) = 0. That is, if Eq. (7) is true, mass is exhausted out of the system until lim t→∞ C(x, t) = 0 (since J i < ∞), thereby ensuring that the only so-
lution to C(X(t), t) = k is X(t) = M (t) when k = 0. Hence, if Eq. (7) is true then L S [C(x, t)] = s c(x, s) − C(x, 0) is such that ∀s ≥ 0, there exists a unique y(s) : s c(y(s), s)
provided y(s) does not belong to the support of ρ A or ρ B . We are therefore able to infer when L : W t → W s is one-to-one. Given κ t and κ s span Ω, L is onto and we are able to translate information from t to s through the respective zero
solutions C(M (t), t) and c(y(s), s).
Further conditions on y(s) can be derived; as M (t) (which is dominated by the flux as stated by (2)) fully determines the properties of y(s), it follows that
where f = L [F (t)]. The above relation implies that ∆c| x=y(s) = 0 and con- . This can be used to find the required f (s) through Eq. (9), the result being Eq. (6).
Uniqueness of M (t)
So far, it has been shown how to find the generating function of F (t), the results being valid irrespective of the boundary conditions, provided M (t) is unique.
In this section, we define criteria (i) in t or (i) * and (ii) * in s for Eq. (7) to be true.
For uniqueness of M (t), we require C(x, t) ≶ 0 for x ≷ M (t) respectively, which implies that C(0, t) ≥ 0, C( , t) ≤ 0 for all time. A boundary changing sign implies that there is either no moving Dirichlet homogeneous interior point condition or there is more than one. The case in which C(0, t) = 0 (say) on some time interval T implies that the limiting F (t) − in Eq. (2) is not defined.
We therefore require that (i) Neither C(0, t) or C( , t) be identically zero on T , unless T ∈ (0, ∞). If the latter case applies, J i cannot change signs.
Here, the case T ∈ (0, ∞) is considerable as homogeneous boundary conditions in t are mapped to homogeneous boundary conditions in s.
It is possible to pose conditions in s, using the theory of completely monotonic functions [5] . Denote C to be the set of completely monotonic functions.
where H is bounded and non-decreasing. We require
Further conditions can be derived from (i * ); taking s = 0 in y(s) in Eq. (5) gives
The latter is a mass balancing condition stating that the total mass leakage over time occurring at either side of the moving Dirichlet homogeneous interior point M (t) must be equal. If this is not true, M (t) converges to the boundary.
Depending on the boundary conditions, the absolute mass in the system ,M (t), does not necessarily have to be conserved. The amount of mass in the system on either side of M (t) is given by
where the attached subscripts denote the region of the 1D bar. If any mass introduced at the boundary exits the system at x = M (t), and all mass drain out of the system as t → ∞, then
If the latter condition is not true, then mass is not conserved throughout the system for all time. For example, changing J 2 = − )) for the case in Fig. 1 , results in F (t) = J 2 + v and implies that mass is being removed at some point x(t) = M (t). However f (s) = L [F (t)].
Example: Homogeneous Dirichlet boundary conditions
If mass Q 1 , Q 2 , and Q 3 = Q 2 − Q 1 exits the system 1,2 and 3 respectively, then 
Conclusion
The mixing time generating function for the diffusion reaction system on a 1D
domain was derived for cases in which homogeneous mixing occurred. The theory is extendable to one dimensional systems (i.e. finitely ramified fractals), through a suitable discretisation of the diffusion equation (i.e. see [9] ). The generalisation and application to modified diffusion-reaction schemes involving
Telegraph-type equations [15] should also be possible.
A
It is shown that C(X(t), t) is of bounded variation in [0, ∞) for some X(t) ∈ κ t .
If we define M (t) ∈ κ t , then for every X(t) = M (t) ∈ κ t to be distinct, we require X(t) to be a translation of M (t). This is expressed as X(t) = 
